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In order to achieve in A Level Mathematics it is vital that you have a secure knowledge of GCSE
Mathematics content. In particular, you must be fluent in the following topics:

e Factorising expressions.
e Completing the square.

e Solving quadratic equations by factorisation, by completing the square and by the
guadratic formula.

e Sketching quadratic graphs.

e Solving linear simultaneous equations using both elimination and substitution.
e Solving linear and quadratic simultaneous equations.

e Linear inequalities.

e Quadratic inequalities.

e Straight line graphs.

e Parallel and perpendicular lines.

e Pythagoras’ theorem.

e Proportion.

We expect that most students will already be confident in the vast majority of these topics.

It is essential that all students spend a significant amount of time practising these topics at regular
intervals between the end of Year 11 and the start of Year 12.

Mathematical fluency does not simply mean that you have met this topic before and think that
you remember how to do it. To reach fluency, you must be able to quickly and accurately recall
concepts and methods.

Mark your work using the ‘Answers’ attached at the end of every topic, checking that you have
understood.

If you find that you have made mistakes, identify and correct these. If you cannot do this, reread
the ‘Examples’ for that specific topic, to ensure that you have not misunderstood a concept. If
you still do not understand something and cannot understand why, you are welcome to email the
Head of Maths, Mr Ortega, at ortegaj@holmer.org.uk for further resources.

Complete and mark the ‘Extend’ questions to make sure that you do have an excellent
understanding.

Please bring all of your completed and marked bridging work to your first maths lesson where it
will be checked by your maths teacher. We expect you to complete the questions on lined or
squared paper, showing a full method and working out.

There will be a baseline assessment covering these topics in the first weeks of Year 12. It is
expected that all A Level Mathematics students will demonstrate an excellent understanding of
all topics in this assessment.



Factorising expressions

A LEVEL LINKS
Scheme of work: 1b. Quadratic functions - factorising, solving, graphs and
the discriminants

Key points

o Factorising an expression is the opposite of expanding the brackets.

e A quadratic expression is in the form ax? + bx + ¢, where a # 0.

e To factorise a quadratic equation find two numbers whose sum is b and whose product is ac.

e Anexpression in the form x? —y? is called the difference of two squares. It factorises to
(X=y)x+Y).

Examples

Example 1  Factorise 15x?y® + 9x%

15x2y3 + 9x%y = 3x%y(5y? + 3x?) The highest common factor is 3x?y.
So take 3x?y outside the brackets and
then divide each term by 3x?y to find
the terms in the brackets

Example 2  Factorise 4x? — 25y?

4x2 — 25y% = (2x + 5y)(2x — 5Y) This is the difference of two squares as
the two terms can be written as
(2x)?and (5y)?

Example 3 Factorise x2 + 3x — 10

b=3,ac=-10 1 Work out the two factors of

ac = —10 which add to give b =3

(5 and —-2)
Sox?+3x—-10=x2+5x—-2x—10 2 Rewrite the b term (3x) using these
two factors

=X(x+5)—2(x +5) 3 Factorise the first two terms and the
last two terms

=(x+5)(x-2) 4 (x+5)is afactor of both terms




Example 4 Factorise 6x2— 11x — 10

b=-11,ac=-60

So
6x2—11x—10=6x2— 15x + 4x — 10

=3x(2x —5) +2(2x —5)

= (2x—5)(3x + 2)

Work out the two factors of

ac = —60 which add to give b =—11
(=15 and 4)

Rewrite the b term (—11x) using
these two factors

Factorise the first two terms and the
last two terms

(2x — 5) is a factor of both terms

2
X°—4x-21
Example 5 Simplify ———
P plity 2x* +9x+9
x2 —4x—21 Factorise the numerator and the
v L Ov.Q denominator
2X° +9x+9

For the numerator:
b=-4,ac=-21

So
X2—4x—-21=x2—7x+3x-21

=X(X—=7)+3x—17)
= (x=7)(x+3)

For the denominator:
b=9,ac=18

So
2X°+OX+9=2x2+6x+3x+9

=2X(x + 3) + 3(x + 3)

=(x+3)(2x+3)
So

x> —4x-21  (x=T7)(x+3)
2x2 +9x+9  (x+3)(2x+3)
_ox=7
~ 2x+3

Work out the two factors of
ac = —21 which add to give b =—4
(=7 and 3)

Rewrite the b term (—4x) using these
two factors

Factorise the first two terms and the
last two terms

(x — 7) is a factor of both terms

Work out the two factors of
ac = 18 which add to give b =9
(6 and 3)

Rewrite the b term (9x) using these
two factors

Factorise the first two terms and the
last two terms

(x + 3) is a factor of both terms

10 (x + 3) is a factor of both the

numerator and denominator so
cancels out as a value divided by
itself is 1




Practice

1 Factorise.
a  6x%3—10x%y*
c  25x%y?% —10x3%? + 15x%y3
2 Factorise
a X+7x+12
c x*-11x+30
e x>-7x-18
g x2-3x-40
3  Factorise
a  36x2—49y?
c 18a%-—200b3c?
4  Factorise
a 2x*+x-3
cC 2¢¢+7x+3
e 10x*+21x+9
5  Simplify the algebraic fractions.
2x2 + 4x
a 2
X" —X
x* —2x—8
c 2
X" —4X
X2 —x—12
€ 2
X° —4x
6 Simplify
9x? —16
3x% +17x-28
4-25x°
10x* —-11x—6
Extend
7 Simplify VX2 +10x+25
2 2
8 Simplify (X+2)°+3(x+2)

X —4

o —h QO T

21ab® + 35a°h?

X2 +5x — 14
X2 —5x—24
X2 +x-20

X2 + 3x — 28

4x% - 81y?

6x2+17x+5
Ox2—15x+4
12x% —38x + 20

X2 +3x
X2 +2x-3
x? —5x
x?-25

2x% +14x
2x% +4x-170

2x? —7x-15
3x? -17x+10
6x> —x—1
2X° +7x—4

Hint

Take the
highest
common factor




Answers

1 a 23y3(3x-5y)
C  5xy%(5-2x + 3y)
2 a (x+3)(x+4
c (x-5x-6)
e (X-9x+2)
g (x-8)x+5)
3 a (6x—7y)6x+7y)
c 2(3a—10bc)(3a+ 10bc)
4 a (x-1)(2x+3)
c (2x+1)(x+3)
e (bx+3)(2x +3)
5 a 2(x+2)
x-1
X+2
C _
X
X+3
e RN
X
6 a 3x+4
X+7
2-5x
C
2X—3
7 (x+5)
3 4(x+2)

X—2

o —h O T

7a%b?(3b® + 5a?)

X+ 7)(x-2)
x-8)(x +3)
(x+5)(x—4)
X+ 7)(x—4)

(2x — 9y)(2x + y)
(3x+1)(2x + 5)
(3x—1)(3x—4)

2(3x—2)(2x-5)

x
x-1

X
X+5
X
x-5
2x+3
3x—-2

3x+1
X+4




Completing the square

A LEVEL LINKS

Scheme of work: 1b. Quadratic functions - factorising, solving, graphs and

the discriminants

Key points

e Completing the square for a quadratic rearranges ax? + bx + ¢ into the form p(x + q)? + r

e Ifa+#1,then factorise using a as a common factor.

Examples

Example 1  Complete the square for the quadratic expression x? + 6x — 2

X2+ 6x—2
=(x+3)?-9-2

= (x+3)2—11

1 Write X% + bx + ¢ in the form

SRE

2 Simplify

Example 2 Write 2x? — 5x + 1 in the form p(x + q)? + r

2x2—5x+1

1 Before completing the square write
ax? + bx + c in the form

a[x2 +9xj+c
a

2 Now complete the square by writing

X2 —gx in the form

3/

3 Expand the square brackets — don’t

2
forget to multiply Gj by the factor
of 2

4  Simplify




Practice

1 Write the following quadratic expressions in the form (x + p)2 + g

a xX2+4x+3 b x2-10x-3
c x2-8x d x*+6x
e X2-2x+7 f x*+3x-2

2 Write the following quadratic expressions in the form p(x + q)? + r
a 2x*-8x-16 b 4x*-8x-16
c  3x*+12x-9 d 2x*+6x-8

3 Complete the square.

a 2x*+3x+6 b 3x*-2x
c 5x*+3x d 3x*+5x+3
Extend

4 Write (25x? + 30x + 12) in the form (ax + b)? + c.



Answers

1

a (x+22-1
c (x—4)2-16
e (x—-1)2+6

a  2(x—2)2-24

c 3(xx+2)?%-21

(5x+3)2+3

(x—5)%-28

(x+3)>-9

3T 17
X+—| —=—
2) a4

A(x — 1)2— 20



Solving quadratic equations by

factorisation

A LEVEL LINKS

Scheme of work: 1b. Quadratic functions - factorising, solving, graphs and

the discriminants

Key points

e A quadratic equation is an equation in the form ax? + bx + ¢ = 0 where a # 0.

e To factorise a quadratic equation find two numbers whose sum is b and whose products is ac.
e When the product of two numbers is 0, then at least one of the numbers must be 0.

o If aquadratic can be solved it will have two solutions (these may be equal).

Examples

Example 1  Solve 5x? = 15x

5x2 = 15x
5x2—15x =0
5x(x —3) =0

So5x=0o0r(x—3)=0

Therefore x=00rx=3

Rearrange the equation so that all of
the terms are on one side of the
equation and it is equal to zero.

Do not divide both sides by x as this
would lose the solution x = 0.
Factorise the quadratic equation.

5x is a common factor.

When two values multiply to make
zero, at least one of the values must
be zero.

Solve these two equations.

Example2  Solve x?+ 7x+12=0

X2+ 7x+12=0
b=7ac=12

X2+ 4x+3x+12=0
X(x+4)+3(x+4)=0

(x+4)(x+3)=0

Therefore x=—4 orx=-3

So(x+4)=0o0r(x+3)=0

Factorise the quadratic equation.
Work out the two factors of ac = 12
which add to give you b =7.

(4 and 3)

Rewrite the b term (7x) using these
two factors.

Factorise the first two terms and the
last two terms.

(x + 4) is a factor of both terms.
When two values multiply to make
zero, at least one of the values must
be zero.

Solve these two equations.




Example 3 Solve 9x* - 16 =0
9X2—-16=0 1 Factorise the quadratic equation.
(Bx+4)(Bx-4)=0 This is the difference of two squares
as the two terms are (3x)? and (4)2.
So(3x+4)=00r(3x-4)=0 2 When two values multiply to make
zero, at least one of the values must
4 4 be zero.
X=—g orx=g 3 Solve these two equations.
Example 4  Solve 2x2—5x—12=0
b=-5ac=-24 1 Factorise the quadratic equation.
Work out the two factors of ac = —24
which add to give you b = -5.
(-8 and 3)
S0 2x2—8x+3x—-12=0 2 Rewrite the b term (—5x) using these
two factors.
2X(X—4)+3x—4)=0 3 Factorise the first two terms and the
last two terms.
x—4)2x+3)=0 4 (x —4) is a factor of both terms.
So(x—4)=0o0r(2x+3)=0 5 When two values multiply to make
zero, at least one of the values must
_ 3 be zero.
X=4or x= 5 6 Solve these two equations.
Practice
1 Solve
a 6x2+4x=0 b 28x*-21x=0
cC X2+7x+10=0 d x2-5x+6=0
e x2-3x-4=0 f x2+3x-10=0
g x2-10x+24=0 h x*2-36=0
i x2+3x-28=0 j x2-6x+9=0
k 2x2-7x-4=0 | 3x*-13x-10=0
2 Solve
a x2-3x=10 b x*-3=2x Hint
c x2+5x=24 d x2-42=x
e X(X+2)=2x+25 f x2-30=3x—2 Get all
g xGx+1)=x2+15 h o 3x(x—1)=2(x + 1) terms onto
one side of




Solving quadratic equations by

completing the square

A LEVEL LINKS

Scheme of work: 1b. Quadratic functions - factorising, solving, graphs and

the discriminants

Key points

e Completing the square lets you write a quadratic equation in the form p(x + g)? + r = 0.

Examples

Example 5  Solve x2 + 6x + 4 = 0. Give your solutions in surd form.

X2+6x+4=0

(x+3)2-9+4=0

(x+3)2-5=0
(x+3)2=5

X+3=+5

X= +/5-3

Sox= —/5-30orx=+5-3

1 Write X2+ bx + ¢ =0 in the form

R

Simplify.

3 Rearrange the equation to work out
X. First, add 5 to both sides.

4 Square root both sides.
Remember that the square root of a
value gives two answers.

5 Subtract 3 from both sides to solve
the equation.

6 Write down both solutions.

N

Example 6  Solve 2x? — 7x + 4 = 0. Give your solutions in surd form.

22 —T7x+4=0

N

xz—zxj+4 =0
2

1 Before completing the square write
ax? + bx + c in the form

a[x2 +9xj+c
a

2 Now complete the square by writing

X2 =L x in the form
bY (bY
X+—| —| —
( 2aj (ZaJ
3 Expand the square brackets.

4 Simplify.




NIt (continued on next page)
Z(X _Zj = ry 5 Rearrange the equation to work out
X. First, add % to both sides.
3%
4 16 6 Divide both sides by 2.
7 = iﬁ 7 Square root both sides. Remember
4 4 that the square root of a value gives
- \/]7 N Z two a;\swers.
T4 4 8 Add " to both sides.
7 17 7 A7
S0 X=T m T s o X= 9 Write down both the solutions.

Practice

3 Solve by completing the square.
a x2-4x-3=0 b x2-10x+4=0
cC XxX2+8x-5=0 d x*-2x-6=0
e 2x2+8x-5=0 f 5x2+3x-4=0

4 Solve by completing the square. Hint
a (x-4)x+2)=5
b 2x*+6x-7=0 Get all
c x2—-5x+3=0 terms onto
one side of




Solving quadratic equations by using the
formula

A LEVEL LINKS
Scheme of work: 1b. Quadratic functions - factorising, solving, graphs and
the discriminants

Key points

e Any quadratic equation of the form ax? + bx + ¢ = 0 can be solved using the formula

—b++/b® —4ac

2a

e If b2 - 4ac is negative then the quadratic equation does not have any real solutions.
e Itis useful to write down the formula before substituting the values for a, b and c.

Examples

Example 7

Solve x2 + 6x + 4 = 0. Give your solutions in surd form.

a=1b=6,c=4
. ~b++/b? —4ac
2a

2(1)
X_—Gi@
2
- 6+245
2
x=—34_r\/§

So x=—3—\/§ or X=J§—3

1 Identify a, b and ¢ and write down
the formula.

Remember that —b ++/b? —4ac is

all over 2a, not just part of it.

2 Substitutea=1, b =6, c =4 into the

formula.

3 Simplify. The denominator is 2, but

this is only because a = 1. The
denominator will not always be 2.

4 Simplify +/20.

20 =\/4x5 =4 x5 =25

5 Simplify by dividing numerator and

denominator by 2.

6 Write down both the solutions.




Example 8  Solve 3x? — 7x — 2 = 0. Give your solutions in surd form.

a=3,b=-7,c=-2 1 Identify a, b and ¢, making sure you
b+ /bz _Aac get the signs right and write down
X= _T the formula.

Remember that —b++/b? —4ac is
all over 2a, not just part of it.

2
X = —(N+ \/(_7) —403)(=2) 2 Substitutea=3,b=-7,c=-2into
2(3) the formula.
7+J73 3 Simplify. The denominator is 6

when a = 3. A common mistake is
to always write a denominator of 2.

Write down both the solutions.

(o]

7-73 or xo I

So x=

(@)]
B
w
I

Practice

5  Solve, giving your solutions in surd form.
a 3x2+6x+2=0 b 2x*-4x-7=0

6  Solve the equation x>~ 7x +2 =0

at+b

c

Give your solutions in the form , Where a, b and c are integers.

7 Solve 10x*+3x+3=5 Hint

Give your solution in surd form. Get all terms onto
one side of the

Extend

8 Choose an appropriate method to solve each quadratic equation, giving your answer in surd form
when necessary.

a Mx(x-1)=3x-2
b 10=(x+ 1)
c x(Bx-1)=10



Answers

1 a x=0orx=-2 b x=0Oorx= 2>
3 4
c Xx=-borx=-2 d x=2orx=3
e x=-lorx=4 f x=-5orx=2
g Xx=4o0rx=6 h x=-6orx=6
i x=-T7orx=4 j x=3
k xz—lorx:4 | x=—gorx=5
2 3
2 a x=-2orx=5 b x=-lorx=3
c x=-8orx=3 d x=-6orx=7
e x=-borx=5 f x=-dorx=7
g x=-3orx=21 h = Lorx=2
2 3
3 a x=2+J7orx=2-7 b x=5++21orx=5-+21
c x=-4+2lorx=-4-J21 d x=1++7 orx=1-7
e X=-2++65o0rx=-2-+65 f =%orx=%

4 a x=1++14 orx=1-+14 b
5+J1_30rx 5-13

2 2

x= V23 +2«/§ orx= S-¥23 _2\/%

Cc X=

N e
3

5 a x=—1+?orx=—1—

7++/41 7-/41

6 x= orx=
2 2

7 x=—_3+\/@ orx=—_3_\/@
20 20

8 a x=7+§/ﬁorx=¥

b x=-1+ .10 orx=-1- .10

C x=—1§ orx=2



Sketching quadratic graphs

A LEVEL LINKS
Scheme of work: 1b. Quadratic functions - factorising, solving, graphs and
the discriminants

Key points

The graph of the quadratic function

y = ax?+ bx + ¢, where a # 0, is a curve
called a parabola.

Parabolas have a line of symmetry and
a shape as shown.

To sketch the graph of a function, find the points where the graph intersects the axes.

To find where the curve intersects the y-axis substitute x = 0 into the function.

To find where the curve intersects the x-axis substitute y = 0 into the function.

At the turning points of a graph the gradient of the curve is 0 and any tangents to the curve at
these points are horizontal.

To find the coordinates of the maximum or minimum point (turning points) of a quadratic
curve (parabola) you can use the completed square form of the function.

fora > fora <

Examples

Example 1  Sketch the graph of y = x2

Y The graph of y = x2 is a parabola.

Whenx =0,y =0.

a = 1 which is greater
than zero, so the graph U

=Y

0

has the shape:
Example 2 Sketch the graph of y = x? —x — 6.

Whenx=0,y=02-0-6=-6 1 Find where the graph intersects the
So the graph intersects the y-axis at y-axis by substituting x = 0.
(0,-6)
Wheny=0,x2—x—-6=0 2 Find where the graph intersects the

x-axis by substituting y = 0.
x+2)(x—3)=0 3 Solve the equation by factorising.
X=-20rx=3 4 Solve (x+2)=0and (x—3)=0.
So, 5 a=1which is greater
the graph intersects the x-axis at (-2, 0) than zero, so the graph U
and (3, 0) has the shape:

(continued on next page)




2—X—6= (X_lj —1—6 6 To find the turning point, complete
2 4 the square.
1Y 25
“(y_2| -2
2 4
1 2
When (X_Ej =0, X=— and 7 The turning point is the minimum

value for this expression and occurs
when the term in the bracket is

y= —§ , S0 the turning point is at the
4 equal to zero.

) (1 25}
point | —,——
2" 4

U
S\ 0 S x
-6
(3, —63)

Practice
1  Sketch the graph of y = —x2.

2 Sketch each graph, labelling where the curve crosses the axes.

a y=(x+2)(x—-1) b y=x(x—3) o y=(x+1)(x+5)

3 Sketch each graph, labelling where the curve crosses the axes.

a y=x*-x-6
d y=x>+4x

b
e

y=x*-5x+4
y=9—x

c y=x>-4
f y=x>+2x—3

4 Sketch the graph of y = 2x? + 5x — 3, labelling where the curve crosses the axes.

Extend

5  Sketch each graph. Label where the curve crosses the axes and write down the coordinates of the

turning point.
a y=x>—-5x+6

b

y=—x*+T7x—12

c y = X2+ 4x

6  Sketch the graph of y = x2 + 2x + 1. Label where the curve crosses the axes and write down the

equation of the line of symmetry.



Answers

1
Ui
3 X
2 a
YA
_Q\C; /l >
3 a
¥y
-6
d
y
o X

=




5 a
U4
6
0 2 3 'x
@1 —+
6
Ua

/

-1 0

:"{“

Line of symmetry at x = —1.

H‘

LI

b (2, 4)

=Y



Solving linear simultaneous equations
using the elimination method

A LEVEL LINKS
Scheme of work: 1c. Equations — quadratic/linear simultaneous

Key points

Examples

Example 1

Example 2

Two equations are simultaneous when they are both true at the same time.

Solving simultaneous linear equations in two unknowns involves finding the value of each
unknown which works for both equations.

Make sure that the coefficient of one of the unknowns is the same in both equations.
Eliminate this equal unknown by either subtracting or adding the two equations.

Solve the simultaneous equations 3x +y=5and x +y =1

3x+y=5
- x+y=1

2% =4
Sox=2

Usingx+y=1
2+y=1
Soy=-1

Check:
equation1: 3x 2+ (-1) =5 YES
equation2: 2+ (-1) =1 YES

1 Subtract the second equation from
the first equation to eliminate the y
term.

2 To find the value of y, substitute

X = 2 into one of the original
equations.

3 Substitute the values of x and y into

both equations to check your
answers.

Solve x + 2y = 13 and 5x — 2y = 5 simultaneously.

X+2y=13
+ 5x—-2y= 5
6X =18
Sox=3
Using x + 2y =13
3+2y=13
Soy=5
Check:

equation 1: 3+2x5=13  YES
equation2: 5x3—-2x5=5 YES

1 Add the two equations together to
eliminate the y term.

2 To find the value of y, substitute

x = 3 into one of the original
equations.

3 Substitute the values of x and y into

both equations to check your
answers.




Example 3 Solve 2x + 3y = 2 and 5x + 4y = 12 simultaneously.
(2x+3y=2)x4 — 8x+12y= 8 | 1 Multiply the first equation by 4 and
(5x+4y=12)x3—>  15x+12y =36 the second equation by 3 to make
7X = 28 the coefficient of y the same for
both equations. Then subtract the

Sox=4 first equation from the second

equation to eliminate the y term.

Using 2x + 3y =2 2 Tofind the value of y, substitute

2x4+3y=2 X =4 into one of the original

Soy=-2 equations.

Check: 3 Substitute the values of x and y into
equation 1: 2 x4 +3 x(-2)=2 YES both equations to check your
equation 2: 5 x4 +4 x (=2) =12 YES answers.

Practice

Solve these simultaneous equations.

1 4x+y=8 2 3Ix+y=7
X+y=5 3X+2y=5

3 4x+y=3 4 3x+4y=7
x-y=11 X—4y=5

5 2x+y=11 6 2x+3y=11
X—3y=9 X+2y=4




Solving linear simultaneous equations
using the substitution method

A LEVEL LINKS
Scheme of work: 1c. Equations — quadratic/linear simultaneous
Textbook: Pure Year 1, 3.1 Linear simultaneous equations

Key points

e The subsitution method is the method most commonly used for A level. This is because it is
the method used to solve linear and quadratic simultaneous equations.

Examples

Example 4  Solve the simultaneous equations y = 2x + 1 and 5x + 3y = 14

5x+3(2x+1) =14 1 Substitute 2x + 1 for y into the
second equation.

5x+6x+3=14 2 Expand the brackets and simplify.

11x+3=14

11x =11 3 Work out the value of x.

Sox=1

Usingy=2x+1 4 To find the value of y, substitute

y=2x1+1 x = 1 into one of the original

Soy=3 equations.

Check: 5 Substitute the values of x and y into
equation1:3=2x1+1 YES both equations to check your
equation2: 5x1+3x3=14 YES answers.

Example5  Solve 2x —y = 16 and 4x + 3y = —3 simultaneously.



y=2x—16 1 Rearrange the first equation.
4x + 3(2x — 16) = -3 2 Substitute 2x — 16 for y into the
second equation.
4X + 6x — 48 =-3 3 Expand the brackets and simplify.
10x —48=-3
10x = 45 4 Work out the value of x.
Sox=43
Usingy = 2x — 1? 5 To find the value of y, substitute
y=2x43-16 x = 4% into one of the original
Soy=-~1 equations.
Check: . 6 Substitute the values of x and y into
equation1:2x 4; —(-7)=16  YES both equations to check your
equation 2: 4 x 43 +3 x (=7) = -3 YES answers.
Practice
Solve these simultaneous equations.
7 y=x-4 8 y=2x-3
2x + 5y =43 5x -3y =11
9 2y=4x+5 10 2x=y-2
Ox + 5y =22 8x—-5y=-11
11 3x+4y=38 12 3y=4x-7
2x—y=-13 2y=3x-4
13 3x=y-1 14 3x+2y+1=0
2y—2x=3 4y =8 —x
Extend

15 Solve the simultaneous equations 3x + 5y —20 =0 and 2(x+Yy) =

3(y—X)
YRS




Answers

1 x=1y=4
2 x=3,y=-2
3 x=2,y=-5
4 x=3,y=-
5 x=6,y=-1
6 x=-2,y=5
7 x=9,y=5

10 x=

11 x=-4,y=

12 x=-2,y=-5

13 x=>,y=1=

14 x=—2,y=2%

=9l y=51
15 x= 22,y 52



Solving linear and quadratic simultaneous
equations

A LEVEL LINKS
Scheme of work: 1c. Equations — quadratic/linear simultaneous

Key points

e Make one of the unknowns the subject of the linear equation (rearranging where necessary).
e Use the linear equation to substitute into the quadratic equation.
e There are usually two pairs of solutions.

Examples

Example 1  Solve the simultaneous equations y = x + 1 and x? + y? = 13

X2+ (x+1)2=13 1 Substitute x + 1 for y into the second
equation.
X+xX2+x+x+1=13 2 Expand the brackets and simplify.

2X2+2x+1=13

2X2+2x—12=0 3 Factorise the quadratic equation.
(2x—4)(x+3)=0

Sox=2o0rx=-3 4 Work out the values of x.
Usingy=x+1 5 To find the value of y, substitute
Whenx=2,y=2+1=3 both values of x into one of the
Whenx=-3,y=-3+1=-2 original equations.

So the solutions are
x=2,y=3 and x=-3,y=-2

Check: 6 Substitute both pairs of values of x

equation1:3=2+1 YES and y into both equations to check
and—2=-3+1 YES your answers.

equation 2: 22+ 32=13 YES

and (=3)*+ (-2)*=13 YES




Example 2 Solve 2x + 3y = 5 and 2y? + xy = 12 simultaneously.
X = 5-3y 1 Rearrange the first equation.
2
5-3 _
2y° +(Tyjy=12 2 Substitute S-3y for x into the
second equation. Notice how it is
a2 easier to substitute for x than for y.
2y? + 223" g5 o
2 3 Expand the brackets and simplify.
4y? +5y—3y? =24
V' +5y-24-0 4 Factorise the quadratic equati
actorise the quadratic equation.
(v +8)(y-3)=0 | |
Soy=-8ory=3 Work out the values of y.
Using 2x +3y =5 6 To find the value of X, substitute
Wheny=-8, 2x+3x(-8)=5, x=145 both values of y into one of the
Wheny=3, 2x+3x3=5 x=-2 original equations.
So the solutions are
x=145, y=-8 and x=-2,y=3
Check: 7 Substitute both pairs of values of x
equation 1: 2 x 145+3 x(-8)=5 YES and y into both equations to check
and 2x(-2)+3x3=5 YES your answers.
equation 2: 2x(—8)? + 14.5x(—8) = 12 YES
and 2x (3)>+(-2)x3=12 YES
Practice
Solve these simultaneous equations.
1 y=2x+1 2 y=6-X
X2 +y?>=10 X2 +y?=20
3 y=x-3 4 y=9-2x
x2+y*=5 X2 +y?=17
5 y=3x-5 6 y=x-5
y=x2-2x+1 y=x2—5x—-12
7 y=x+5 8 y=2x-1
X2 +y2=25 X2 +xy =24
9 y=2 10 2x+y=11
y2—xy=8 xy =15
Extend
11 x-y=1 12 y—x=2
xX2+y*=3 X2+ xy=3



Answers

1

10

11

12

x=1y=3
9 13

X:——, = —_—

5 5

Xx=2,y=4
X=4,y=2

x=1y=-2
Xx=2,y=-1

Xx=4,y=1

x=3,y=4
x=2,y=1

X=7,y=2
x=-1,y=-6

Xx=0,y=5
Xx=-5y=0

X=




Linear inequalities

A LEVEL LINKS

Scheme of work: 1d. Inequalities - linear and quadratic (including graphical

solutions)

Key points

e Solving linear inequalities uses similar methods to those for solving linear equations.
e When you multiply or divide an inequality by a negative number you need to reverse the

inequality sign, e.g. < becomes >.

Examples

Examplel Solve -8 <4x<16

—8<4x<16
—2< x <4

Divide all three terms by 4.

Example 2  Solve 4 <5x< 10

Divide all three terms by 5.

Example 3 Solve 2x —-5<7

2Xx—5<7
2x <12
X<6

(BN

Add 5 to both sides.
2 Divide both sides by 2.

Example4  Solve 2 —5x>-8

2—5x>-8
—5x>-10
X<2

[E=Y

Subtract 2 from both sides.

2 Divide both sides by —5.
Remember to reverse the inequality
when dividing by a negative
number.

Example5  Solve 4(x — 2) > 3(9 — x)

4(x—2)>3(9—x)

4x — 8> 27— 3x

x—8>27
7x> 35
X>5

Expand the brackets.
Add 3x to both sides.
Add 8 to both sides.
Divide both sides by 7.

A OWN PP




Practice

1  Solve these inequalities.
a 4x>16
d 5-2x<12
2  Solve these inequalities.
a X <-4
5
3  Solve
a 2-4x>18
d 4x+17<2-x
4 Solve these inequalities.
a 3t+1l<t+6
5 Solve.
a 3(2-x>2(4-x)+4
Extend

6

Bx-7<3 C
X5 f
2
10>2x+3 C
3<7x+10<45 C
4 —5x < -3X f

b 2(Bn-1)>n+5

b

1>3x+4

g<3_ X
3

7-3x>-5

6-2x>4
—4x>24

54-x)>3(5-x)+2

Find the set of values of x for which 2x + 1 > 11 and 4x — 2 > 16 — 2x.



Answers

1 a x>4 b X<2
d x>—Z e x>10
2
2 a x<-20 b X<3.5
3 a x<-4 b -1<x<5
d x<-3 e X>2
4 a t<E b nzZ
2 5
3
5 a x<-6 b x<E

6 x>5 (which also satisfies x > 3)

o



Quadratic inequalities

A LEVEL LINKS

Scheme of work: 1d. Inequalities - linear and quadratic (including graphical

solutions)

Key points

o First replace the inequality sign by = and solve the quadratic equation.

o  Sketch the graph of the quadratic function.

e Use the graph to find the values which satisfy the quadratic inequality.

Examples

Example 1 Find the set of values of x which satisfy x> + 5x + 6 > 0

X2+5x+6=0
x+3)(x+2)=0
xX=-30rx=-2

It is above the x-axis
wherex* +5x +6 =0

y

-I_12
This part of the graph is
not needed as this is
wherex*+5x+ 6 <0

X< -=-3o0orx>-2

=Y

1 Solve the quadratic equation by

factorising.
Sketch the graph of
y=(x+3)(x+2)

Identify on the graph where
X2 +5x+6>0,i.e wherey>0

Write down the values which satisfy
the inequality x? + 5x + 6 >0

Example 2  Find the set of values of x which satisfy x? —5x <0

x2—5x=0
x(x—=5)=0

x=0o0rx=5
u

1 Solve the quadratic equation by

factorising.
Sketch the graph of y = x(x — 5)

Identify on the graph where
x?—5x<0, i.e. wherey <0

Write down the values which satisfy
the inequality x2 —5x <0




Example 3 Find the set of values of x which satisfy —x2 — 3x + 10 >0

—x?—-3x+10=0 1 Solve the quadratic equation by
(=x+2)(x+5)=0 factorising.
Xx=2o0rx=-5

YA

2 Sketch the graph of
y=(x+2)(x+5)=0

3 ldentify on the graph where
—x?—3x+10>0,i.e. wherey>0

v

-5<x<2 3 Write down the values which satisfy
the inequality —x? — 3x + 10 >0

Practice

1  Find the set of values of x for which (x + 7)(x —4) <0
2 Find the set of values of x for which x? — 4x - 12> 0
3 Find the set of values of x for which 2x> —7x + 3< 0
4 Find the set of values of x for which 4x? + 4x —3>0

5  Find the set of values of x for which 12 + X — x>0

Extend

Find the set of values which satisfy the following inequalities.
6 XxX+x<6

7 X(2x-9)<-10

8 6x2>15+x



Answers
1 7<x<4

2 X<-20rx=>6
3 1<x<3
2

3 1
4 X< -——=0rx>—
2 2

5 3<x<4
6 -3<x<Z2
7 2<x<21

2



Straight line graphs

A LEVEL LINKS
Scheme of work: 2a. Straight-line graphs, parallel/perpendicular, length
and area problems

Key points
e Astraight line has the equation y = mx + ¢, where m is ! (y y)
the gradient and c is the y-intercept (where x = 0).
e The equation of a straight line can be written in the form ¢4 gradientm = %
ax + by + ¢ =0, where a, b and ¢ are integers. y=mx+c
e When given the coordinates (x1, y1) and (xz, y2) of two 0 x
points on a line the gradient is calculated using the
.y e, y,)
formula m=>2-%
Xp =%
Examples
Example 1 A straight line has gradient —% and y-intercept 3.
Write the equation of the line in the form ax + by + ¢ = 0.
m= -L andc=3 1 A straight line has equation
2 y = mx + ¢. Substitute the gradient
Soy= 1 and y-intercept given in the question
2 into this equation.
et y—3=0 2 Rearrange the equation so all the
2

Example 2

the other side.

terms are on one side and 0 is on

X+2y-6=0 3 Multiply both sides by 2 to
eliminate the denominator.

Gradient=m = %

. 4
y-intercept = ¢ = -3

3 Inthe formy = mx + c, the gradient
is m and the y-intercept is c.

Find the gradient and the y-intercept of the line with the equation 3y —2x + 4 = 0.
y—2x+4=0 1 Make y the subject of the equation.
y=2x—-4

2 4 2 Divide all the terms by three to get
y=3%73 the equation in the formy = ...




Example 3  Find the equation of the line which passes through the point (5, 13) and has gradient 3.

m=3
y=3x+c

13=3x5+¢
13=15+c¢

c=-2
y=3x—2

Substitute the gradient given in the
question into the equation of a
straight line y = mx + c.

Substitute the coordinates x = 5 and
y = 13 into the equation.

Simplify and solve the equation.

Substitute ¢ = —2 into the equation
y=3x+cC

Example 4 Find the equation of the line passing through the points with coordinates (2, 4) and (8, 7).

=2, %=8,y=4andy,=7 1
meYe=H _7-4_3_1
X, =% 8-2 2
W i
2
4=1><2+C 3
2
c=3 4
1
==x+3 5
y 2

Substitute the coordinates into the
equation m=2"YL to work out
Xy =X

the gradient of the line.

Substitute the gradient into the
equation of a straight line

y = mx + .

Substitute the coordinates of either
point into the equation.

Simplify and solve the equation.

Substitute ¢ = 3 into the equation

y—lx+c
2

Practice

1 Find the gradient and the y-intercept of the following equations.

a y=3x+5 b
cC 2y=4x-3 d
e 2x-3y-7=0 f

= 1y
y= 2x 7
X+y=5
5x+y-4=0

Hint
Rearrange the
equations to the

2  Copy and complete the table, giving the equation of the line in the form y = mx + c.

Gradient y-intercept | Equation of the line
5 0
-3 2
4 -7




3  Find, in the form ax + by + ¢ = 0 where a, b and c are integers, an equation for each of the lines
with the following gradients and y-intercepts.

a gradient —%, y-intercept —7 b gradient 2, y-intercept O

c gradient % y-intercept 4 d gradient-1.2, y-intercept -2

4 Write an equation for the line which passes though the point (2, 5) and has gradient 4.

5  Write an equation for the line which passes through the point (6, 3) and has gradient —%

6  Write an equation for the line passing through each of the following pairs of points.

a 4,5, (10,17 b (0,6), (-4,8)
c (-1,-7), (5,23) d (3,10, &7
Extend

7  Theequation of aline is 2y + 3x -6 = 0.
Write as much information as possible about this line.



Answers

1 a m=3,c=5 b m=-Z,c=-7
c m:2,c=—§ d m=-1c¢=5
e m=3,c=—zor—2i f m=-5-c=4
3 3 3
2
Gradient y-intercept | Equation of the line
5 0 y = 5%
-3 2 y=-3x+2
4 —7 y =4x -7
3 a x+2y+14=0 b 2x-y=0
c 2x-3y+12=0 d 6x+5y+10=0
4 y=4x-3
_ 2
5 y-—§x+7
6 a y=2x-3 b y=—%x+6
c y=5bx-2 d y=-3x+19
7 y:—gx+3, the gradient s —% and y-intercept
The line intercepts the axes at (0, 3) and (2,0).

Students may sketch the line or give coordinates that lie on the line such as (1, %j

or (4,-3).



Parallel and perpendicular lines

A LEVEL LINKS
Scheme of work: 2a. Straight-line graphs, parallel/perpendicular, length
and area problems

Key points

e When lines are parallel they have the same

gradient.

e Aline perpendicular to the line with equation
y = mx + ¢ has gradient S
m

Examples

Example 1

Example 2

y

\ o — gradient = —%

> perpendicular
lines

/ ’ \x
parallel lines
gradient = m

Find the equation of the line parallel to y = 2x + 4 which passes through

the point (4, 9).

y=2x+4
m=2
y=2x+c¢

9=2x4+c
9=8+c

c=1
y=2x+1

1 Asthe lines are parallel they have
the same gradient.

2 Substitute m = 2 into the equation of
a straight line y = mx + c.

3 Substitute the coordinates into the
equationy =2x +c¢

4 Simplify and solve the equation.

5 Substitute ¢ = 1 into the equation
y=2x+c

Find the equation of the line perpendicular to y = 2x — 3 which passes through

the point (-2, 5).

y=2x—3
m=2
11
m 2
y——1x+c
2
1
5=—=x(-2)+c
5 (-2)
5=1+c
c=4
1
=——X+4
y 2

1 Asthe lines are perpendicular, the
gradient of the perpendicular line

1
Is ——.
m

2 Substitute m = —% intoy =mx + c.
3 Substitute the coordinates (-2, 5)
into the equation y = —%x +C

4 Simplify and solve the equation.

5 Substitute ¢ = 4 into y:—%x+c :




Example 3 A line passes through the points (0, 5) and (9, —1).
Find the equation of the line which is perpendicular to the line and passes through

its midpoint.
X=0,%=9,y=5and y,=-1
m:)’z_)’1=_1_5
X, =% 9-0
_6__2
9 3
]
m 2
y—§x+c
2
Midpoint: B,S—F—(_l) — 2'2
2 2 2
2:§xg+c
2 2
19
C=——
4
_3,. 18
2 4

)

Substitute the coordinates into the

Y27 %1 44 work out

2
the gradient of the line.

equation m=

As the lines are perpendicular, the
gradient of the perpendicular line

1
is ——.
m
Substitute the gradient into the

equation y = mx + c.

Work out the coordinates of the
midpoint of the line.

Substitute the coordinates of the
midpoint into the equation.

Simplify and solve the equation.

Substitute ¢ = —% into the equation

y—§x+c
5 :

Practice

1  Find the equation of the line parallel to each of the given lines and which passes through each of

the given points.
a y=3&x+1 (3,2
C 2x+4y+3=0 (6,-3)

2  Find the equation of the line perpendicular to y = =x — 3 which

passes through the point (-3, 3).

b y=3-2x (1,3)
d 2y-3x+2=0 (8,20)

1
2

Hint
Ifm= % then the

negative reciprocal
1 b

TTT d

3 Find the equation of the line perpendicular to each of the given lines and which passes through

each of the given points.
a y=2x-6 (4,0

c x-4y-4=0 (5,15

b y= —%x+2

(2,13)

d 5y+2x-5=0 (6,7)



4 Ineach case find an equation for the line passing through the origin which is also perpendicular
to the line joining the two points given.

a (4, 3)3 (_27 _9) b (Oa 3): (_109 8)
Extend
5  Work out whether these pairs of lines are parallel, perpendicular or neither.
a y=2x+3 b y = 3X c y=4x-3
y=2x—-7 2Xx+y-3=0 4y +x=2
d 3x-y+5=0 e 2x+5y—-1=0 f 2X—-y=6
Xx+3y=1 y=2x+7 6x-3y+3=0

6  The straight line L, passes through the points A and B with coordinates (-4, 4) and (2, 1),
respectively.

a Find the equation of L; in the formax+by +c=0

The line L; is parallel to the line L; and passes through the point C with coordinates (-8, 3).
b  Find the equation of L, in the formax + by + c=0

The line L3 is perpendicular to the line L; and passes through the origin.
¢ Find an equation of L



Answers

1 a y=3x-7

-1
cC y= 2x
2 y=-2x-7
3 a =-Ix+2
2
c y=-4x+35

4 a y:—%x

5 a Parallel
d Perpendicular

6 a x+2y—-4=0

y = 2X

Neither
Neither

X+2y+2=0

c
f

Perpendicular
Parallel

y = 2X



Pythagoras’ theorem

A LEVEL LINKS
Scheme of work: 2a. Straight-line graphs, parallel/perpendicular, length
and area problems

Key points
e Inaright-angled triangle the longest side is called the
hypotenuse. c

e Pythagoras’ theorem states that for a right-angled triangle a
the square of the hypotenuse is equal to the sum of the

squares of the other two sides. b
ct=a’+h?
Examples
Example 1 Calculate the length of the hypotenuse. X
Give your answer to 3 significant figures. Scm
8cm

c2=a’+h? 1 Always start by stating the formula

for Pythagoras’ theorem and
) X labelling the hypotenuse ¢ and the
Jemiag € other two sides a and b.
b
8 cm

X2 =52 + 82 2 Substitute the values of a, band ¢

x2=25+64 into the formula for Pythagoras'

x? =89 theorem.

X = /89 3 Use a calculator to find the square
root.

x=943398] 13... 4 R_’ound your answer to 3_sign_ificant

X =943 cm figures and write the units with your
answer.




Example 2  Calculate the length x.
Give your answer in surd form.

10 cm
c2=a?+b? 1 Always start by stating the formula
for Pythagoras' theorem.
102 = x? + 42 2 Substitute the values of a, b and c
100 =x2+16 into the formula for Pythagoras'
X2 = 84 theorem.
x= B4 - |
271 3 Simplify the surd where possible
X= cm and write the units in your answer.

Practice

1 Work out the length of the unknown side in each triangle.
Give your answers correct to 3 significant figures.

a b
a - -
Jcm Jcm

9cm
c d
Secm
c
35
mm 4 cm
| d
47 mm

2 Work out the length of the unknown side in each triangle.
Give your answers in surd form.

a e b
4 cm S
4 cm g cm
10 cm
c d
M g 76 S }"

64 mm
86 mm



3 Work out the length of the unknown side in each triangle.
Give your answers in surd form.
b 24 mm
X

a w
54 mn? 36
\J mm %
C d
84 mnij | 30 DN
] !
;‘ ! )

4 Arrectangle has length 84 mm and width 45 mm. Hint

Calculate the length of the diagonal of the rectangle.

Give your answer correct to 3 significant figures. Draw a sketch of the
Extend
5 Avyachtis 40 km due North of a lighthouse. Hint

A rescue boat is 50 km due East of the same lighthouse.
Work out the distance between the yacht and the rescue boat.
Give your answer correct to 3 significant figures.

Draw a diagram
using the
information aiven

6 Points A and B are shown on the diagram.
Work out the length of the line AB.
Give your answer in surd form.

¥

F 3
x B(4,7)
* A1 1) .
> 3
B C
7 Acube has length 4 cm. 1 D
Work out the length of the diagonal AG. =
Give your answer in surd form. T Seo
F)_ —_—]= G
7’
rd
E




Answers
1 a 10.3cm

¢ 58.6 mm

2 a 4\/§cm

c 8\/1_7mm

3 a 18\/1_3 mm

c 422 mm
4 953 mm
5 64.0km
6 3J§ units

7 4\/§cm

7.07 cm

8.94 cm
2421 cm
18\/5 mm
2J141_5 mm
6\/@ mm



Proportion

A LEVEL LINKS
Scheme of work: 2a. Straight-line graphs, parallel/perpendicular, length
and area problems

Key points

Two quantities are in direct proportion when, as one
guantity increases, the other increases at the same rate.
Their ratio remains the same.

y = kx
where k is
the gradient

‘y is directly proportional to X’ is written as y oC X.
Ify oc x theny = kx, where k is a constant.

When x is directly proportional to y, the graph is a
straight line passing through the origin.

Two quantities are in inverse proportion when, as one quantity
increases, the other decreases at the same rate.

‘y is inversely proportional to X’ is written as y oc 1
X
Ify oc % theny = 5 where k is a constant.

When x is inversely proportional to y the graph is the same shape
asthe graphof y=1

Examples

Example 1 y is directly proportional to x.

Wheny =16, x=5.
a Find x wheny = 30.
b Sketch the graph of the formula.

(0] x

a yoXx 1 Writey is directly proportional to x,

using the symbol oc .

y = kx 2 Write the equation using k.

16=kx5 3 Substitutey =16 and x =5 into
y = kx.

k=32 4 Solve the equation to find k.

y =3.2x 5 Substitute the value of k back into
the equation y = kx.

When y = 30,

30=3.2 x X 6 Substitute y = 30 into y = 3.2x and

X = 9.375 solve to find x when y = 30.




Example 2

Example 3

b "4 7 The graph of y = 3.2x is a straight
line passing through (0, 0) with a
gradient of 3.2.
> > X
y is directly proportional to x2.
When x =3,y =45.
a Findywhenx =5,
b  Find x wheny = 20.
a youx 1 Writey is directly proportional to x?,
using the symbol oc .
y = kx? 2 Write the equation using k.
45 =k x 32 3 Substitute y = 45 and x = 3 into
y = kx2.
k=5 4 Solve the equation to find k.
y = 5% 5 Substitute the value of k back into
the equation y = kx2.
When x =5,
y=5x52 6 Substitute x =5 into y = 5x? and
y =125 solve to find y when x = 5.
b 20=5xx2 7 Substitute y = 20 into y = 5x* and
x*=4 solve to find x when y = 4.
X =2
P is inversely proportional to Q.
When P =100, Q = 10.
Find Q when P = 20.
P oc 1 1 Write P is inversely proportional
Q to Q, using the symbol oc.
k
P= 6 2 Write the equation using k.
100 = k 3 Substitute P = 100 and Q = 10.
10
k = 1000 4 Solve the equation to find k. )
p_ 1000 5 Substitute the value of kiinto P =—
0 1000
20— 1000 6 Substitute P=20into P = o and
Q

solve to find Q when P = 20.




1000
20

Practice

1  Paul gets paid an hourly rate. The amount of pay (EP) is directly
proportional to the number of hours (h) he works.
When he works 8 hours he is paid £56.
If Paul works for 11 hours, how much is he paid?

2  xisdirectly proportional to y.
x=35wheny=5.

a Find a formula for x in terms of y.
Sketch the graph of the formula.
Find x when y = 13.

Find y when x = 63.

o O T

3 Qs directly proportional to the square of Z.
Q=48 whenZ =4,

a Find aformula for Q in terms of Z.
Sketch the graph of the formula.
Find Q when Z =5.

Find Z when Q = 300.

o O T

4 yisdirectly proportional to the square of x.
x=2wheny=10.
a  Find a formula for y in terms of x.
b  Sketch the graph of the formula.
¢ Find xwheny=90.

5 Bis directly proportional to the square root of C.
C =25 when B = 10.

a Find B when C = 64.
b  Find C when B = 20.

6 Cisdirectly proportional to D.
C =100 when D = 150.
Find C when D = 450.

7  yisdirectly proportional to x.
X =27wheny=09.
Find x wheny = 3.7.

8 mis proportional to the cube of n.
m =54 when n = 3.
Find n when m = 250.

Hint

Substitute the
values given for
P and h into the

formuila to




Extend

10

11

12

13

14

15

16

s is inversely proportional to t.

a Giventhats=2whent =2, find a formula for s in terms of t.
b  Sketch the graph of the formula.

¢ Findtwhens=1.

a is inversely proportional to b.
a=5whenb = 20.

a Find awhenb=50.
b  Find b when a =10.

v is inversely proportional to w.
w =4 when v = 20.

a Find a formula for v in terms of w.
b  Sketch the graph of the formula.
¢ Findwwhenv=2.

L is inversely proportional to W.
L =12 when W = 3.
Find W when L = 6.

s is inversely proportional to t.
s=6whent=12,

a Findswhent=3.
b  Find twhens=18.

y is inversely proportional to x2.
y =4 whenx=2.
Find y when x = 4.

y is inversely proportional to the square root of x.
Xx=25wheny=1.
Find x wheny = 5.

a is inversely proportional to b.
a=0.05whenb =4.

a Findawhenb=2.
b Find bwhena=2.



Answers

1 £77

2 a Xx=7y
c 91

3 a Q=32
c 75

4 a y=25x?

c 6
5 a 16
6 300
7 111
8 5
9 a s= i
t
c 4
10 a 2
11 a v= @
w

d +10
b y
\ jy = 2.5x2
o‘ X
b 100
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